
Computation Beyond 2nd Law Error–Dissipation tradeoff Examples Workaround?

The Error–Dissipation Tradeoff when
Computing with Time-Symmetric Protocols

Paul M. Riechers
in collaboration with

Alec B. Boyd, Gregory W. Wimmsat,

James P. Crutchfield, and Mile Gu

Complexity Institute, and School of Physical and Mathematical Sciences
Nanyang Technological University, Singapore

Workshop on Stochastic Thermodynamics of Complex Systems

CSH Vienna, Zooming in from Singapore

May 28th 2020



Computation Beyond 2nd Law Error–Dissipation tradeoff Examples Workaround?

What are the thermodynamic limits of computation?



Computation Beyond 2nd Law Error–Dissipation tradeoff Examples Workaround?

What are the thermodynamic limits of computation?

Landauer’s bound?

kBT ln 2 of heat to compress state space in a binary reset

Essentially restates the Second Law of thermodynamics—that
entropy production is expected to be non-negative: 〈Σ〉 ≥ 0

=⇒ The bound can only be achieved in the quasistatic limit,
and assumes no control restrictions
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Nonequilibrium: Finite duration

Realistic: Control constraints
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What are the nonequilibrium thermodynamic limits of realistic computation?

Nonequilibrium: Finite duration

Realistic: Control constraints

Landauer’s bound?

Stronger constraints on entropy production?
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What are the nonequilibrium thermodynamic limits of realistic computation?

Nonequilibrium: Finite duration

Realistic: Control constraints

We will show that
metastable memories and time-symmetric control

together imply an
error–dissipation tradeoff for any computation C
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What are the nonequilibrium thermodynamic limits of realistic computation?

Nonequilibrium: Finite duration

Realistic: Control constraints

We will show that
metastable memories and time-symmetric control

together imply an
error–dissipation tradeoff for any computation C

〈Σt-sym
min 〉 ∼ f(C, †) ln(1/ε)

where ε is the error tolerance, and † describes the time-reversal
symmetries of the memory elements
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Memory must be physically embedded; Memory only exists among alternatives

non-volatile memory
Q̇hk = 0

volatile memory
Q̇hk > 0

Consider non-volatile memory.
(Add housekeeping penalty for volatile memory.)



Computation Beyond 2nd Law Error–Dissipation tradeoff Examples Workaround?

Memory must be physically embedded; Memory only exists among alternatives

Memory

Memory must be physically embedded.
Memories partition the microstates of a physical memory system.

m

m′

m′′

m′′′
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Ex0⇡
[L]
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D. Metastable Memories

In most instantiations of classical computation, memo-
ries are used that are metastable between computations.3
Metastability allows memories to be held robustly between
computations. Metastability also allows memories to have
a consistent natural preparation in each run within a se-
rial computation, so that the computer reliably executes
the same program each time it is run. In this paradigm,
the control parameters are held fixed at x0 between com-
putations. This also implies that the control is returned
to this setting at the end of the computation, so that
x· = x0.

Metastable memory elements are those that relax to a
local steady state within the memory-partitions of state
space when the control is held fixed. If (after the compu-
tation is implemented via some time-varying control) the
control is held fixed at x0, then, within m, the system
relaxes to the local steady state:

µ[m]
· æ µ

[m]
0 = ⇡[m]

x0 . (24)

The arrow indicates that the local distribution approaches
the local steady-state distribution as · becomes su�-
ciently large to encompass most of the post-computation
relaxation to the local steady state.

It should be noted that this local relaxation implies dis-
sipation. If the control protocol is held fixed while the
system relaxes from µ

[m]
tú to ⇡

[m]
x0 , then the dissipation

associated with this local relaxation is quantified by the

3 Metastability is not strictly necessary though for computing. See,
e.g., the proposal of chaogate computing, in which the compu-
tation must be read out at a very particular time before the
dynamic continues to transform the fickle memory of the sys-
tem [30]. However, even when computing with chaogates, the
memory of the desired output is likely to be stored metastably at
some point downstream.

relative entropy [5]

È⌃post-compÍ = kB DKL

Ë
µ

[m]
tú

---
--- ⇡[m]

x0

È
. (25)

On a much longer timescale, the system may further relax
to the global steady state ⇡x0 , but this global relaxation
implies a total loss of stored memory. An implicit goal
in designing reliable memory elements is often to assure
quick relaxation to local steady state while assuring an
e�ectively infinite timescale of relaxation to the global
steady state. This separation of timescales is thus impor-
tant to most paradigms of computation.

Eq. (25) suggests that to avoid dissipation in the
metastable information processing paradigm, the syste,
should be smoothly guided between metastable states, so
that the system is always close to metastability. Indeed,
we will show that this is one way to achieve computation
with vanishing dissipation.

Metastability allows memory probabilities {µ0(m)}mœM
to e�ectively determine the microstate distribution at the
start of each computation:

µ0 =
ÿ

mœM
µ0(m)⇡[m]

x0 .

For example, if the system is in contact with a single ther-
mal bath, then the system will relax to local canonical (or
grand-canonical) distributions within each of its memory
states, long before global equilibrium is reached.

However, there are also many important cases of nonequi-
librium local steady states. For example, the voltage
distribution representing either a 0 or 1 in CMOS technol-
ogy is a nonequilibrium local steady state of the volatile
bistable memory element. If the computer’s power source
was turned o� (i.e., if the computer was turned o�), such
a memory would be lost. Although our analysis pertains
to the excess thermodynamic costs of transforming these
volatile metastable memories, such volatile memories are
not ideal for achieving ultimate thermodynamic e�ciency
since they typically require a so-called ‘housekeeping’ en-
tropy production to maintain their steady state [31? ].
We prefer to imagine a future with robust non-volatile
memories that require no energy to upkeep between com-
putations.

Nevertheless, whether nonequilibrium or equilibrium lo-
cal steady states are employed, metastability is key to
many instantiations of computation. The following anal-
ysis identifies various thermodynamic consequences of
transforming metastable memories.

m ⊂ S,
⋃
m∈Mm = S

Memory is stored metastably between computations.
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Computation is the transformation of memory

Computation

Physical transformation via ephemeral control x0:τ

2 PMR

x · ��1
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Figure 1. A generic driving protocol x0:⌧ (the time series of the control parameters
over a duration ⌧) induces a net stochastic transition dynamic Tx0:⌧ over the set of

microstates S. A thermodynamically e�cient computation on the coarse-grained set
of memory statesM is implemented via a control protocol chosen from �C that

reliably implements the logical transformation with minimal dissipation.

of heat that is not o↵set by a corresponding change in this trial-specific
internal entropy. Notably, Eq. (5) is valid over any time interval t 2 [0,⌧],
and therefore (by adjusting the considered duration ⌧) also tracks the dy-
namics of the dissipation associated with the computation as the system
relaxes during and after the work performed to implement the computa-
tion. As the memory system relaxes to a new metastable distribution on a
relatively short timescale relevant to computation, the dissipation should
appear to saturate to the total dissipation associated with the computa-
tion. Above, Pr �x t

(st) is the driving-induced probability of the microstate
st at time t. Similarly, Pr �x t

(St) is the driving-induced probability dis-
tribution over microstates—it can be thought of as the distribution over
microstates conditioned on the full driving history �x t , including both the
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Physical transformation implements
stochastic computation p(Mτ |M0)

In nearly-deterministic case:
C : M→M with error tolerance ε

Paul M. Riechers, “Transforming Metastable Memories: the Nonequilibrium Thermodynamics of Computation.” In D. Wolpert, C.
Kempes, P. Stadler, and J. Grochow, editors, The Energetics of Computing in Life and Machines. SFI Press, 2019.
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Computation is the transformation of memory

Metastable Memory Storage

Memories are metastable between computations if

µ
[m]
0 ≈ µ[m]

τ ≈ π[m]
x0

m

m′

m′′

m′′′
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L µ S R µ S
M = {L, R}

Ex0⇡
[L]
x0

⇡x0

D. Metastable Memories

In most instantiations of classical computation, memo-
ries are used that are metastable between computations.3
Metastability allows memories to be held robustly between
computations. Metastability also allows memories to have
a consistent natural preparation in each run within a se-
rial computation, so that the computer reliably executes
the same program each time it is run. In this paradigm,
the control parameters are held fixed at x0 between com-
putations. This also implies that the control is returned
to this setting at the end of the computation, so that
x· = x0.

Metastable memory elements are those that relax to a
local steady state within the memory-partitions of state
space when the control is held fixed. If (after the compu-
tation is implemented via some time-varying control) the
control is held fixed at x0, then, within m, the system
relaxes to the local steady state:

µ[m]
· æ µ

[m]
0 = ⇡[m]

x0 . (24)

The arrow indicates that the local distribution approaches
the local steady-state distribution as · becomes su�-
ciently large to encompass most of the post-computation
relaxation to the local steady state.

It should be noted that this local relaxation implies dis-
sipation. If the control protocol is held fixed while the
system relaxes from µ

[m]
tú to ⇡

[m]
x0 , then the dissipation

associated with this local relaxation is quantified by the

3 Metastability is not strictly necessary though for computing. See,
e.g., the proposal of chaogate computing, in which the compu-
tation must be read out at a very particular time before the
dynamic continues to transform the fickle memory of the sys-
tem [30]. However, even when computing with chaogates, the
memory of the desired output is likely to be stored metastably at
some point downstream.

relative entropy [5]

È⌃post-compÍ = kB DKL

Ë
µ

[m]
tú

---
--- ⇡[m]

x0

È
. (25)

On a much longer timescale, the system may further relax
to the global steady state ⇡x0 , but this global relaxation
implies a total loss of stored memory. An implicit goal
in designing reliable memory elements is often to assure
quick relaxation to local steady state while assuring an
e�ectively infinite timescale of relaxation to the global
steady state. This separation of timescales is thus impor-
tant to most paradigms of computation.

Eq. (25) suggests that to avoid dissipation in the
metastable information processing paradigm, the syste,
should be smoothly guided between metastable states, so
that the system is always close to metastability. Indeed,
we will show that this is one way to achieve computation
with vanishing dissipation.

Metastability allows memory probabilities {µ0(m)}mœM
to e�ectively determine the microstate distribution at the
start of each computation:

µ0 =
ÿ

mœM
µ0(m)⇡[m]

x0 .

For example, if the system is in contact with a single ther-
mal bath, then the system will relax to local canonical (or
grand-canonical) distributions within each of its memory
states, long before global equilibrium is reached.

However, there are also many important cases of nonequi-
librium local steady states. For example, the voltage
distribution representing either a 0 or 1 in CMOS technol-
ogy is a nonequilibrium local steady state of the volatile
bistable memory element. If the computer’s power source
was turned o� (i.e., if the computer was turned o�), such
a memory would be lost. Although our analysis pertains
to the excess thermodynamic costs of transforming these
volatile metastable memories, such volatile memories are
not ideal for achieving ultimate thermodynamic e�ciency
since they typically require a so-called ‘housekeeping’ en-
tropy production to maintain their steady state [31? ].
We prefer to imagine a future with robust non-volatile
memories that require no energy to upkeep between com-
putations.

Nevertheless, whether nonequilibrium or equilibrium lo-
cal steady states are employed, metastability is key to
many instantiations of computation. The following anal-
ysis identifies various thermodynamic consequences of
transforming metastable memories.

Then, µt ≈
∑

m∈M µt(m)π
[m]
x0 at t = 0, τ

Paul M. Riechers, “Transforming Metastable Memories: the Nonequilibrium Thermodynamics of Computation.” In D. Wolpert, C.
Kempes, P. Stadler, and J. Grochow, editors, The Energetics of Computing in Life and Machines. SFI Press, 2019.
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Computation is the transformation of memory

Example: Erasure to L

8
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Positional Storage
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Spin Storage
where
equilibrium free energy associated with the memory

the minimal work required by this generalized Landauer
bound is reversible, since it corresponds to a stored change
in nonequilibrium free energy. Thus, no work needs to

FIG. 1. Caricature of metastable information processing. (a)
Features of a bistable memory element, showing both global
and local equilibrium. (b) Time-symmetric control (top panel)
can implement reliable information processing. In this ex-
ample, implementing erasure to L. The bottom panel shows
representative behavior via 1000 microstate trajectories in
gray which sketches a portrait of µt, with a particular mi-
crostate trajectory s0:· highlighted in thick red. (c) Common
memory elements are either time-reversal invariant (where
m† = m) or flip under time-reversal (such that m† ”= m
although m† œM.).

This demonstrates how restricting to time-symmetric con-
trol leads to unavoidable dissipation that depends explic-
itly on a computation’s logic.

This result adds to a short list of work bounds determined
by the computation implemented. Original on this list—
the minimal work required for a computation without
control restrictions—is simply Landauer’s bound:

ÈW ÍLandauer
min © ≠kBT�H(Mt) ,

when memory states all have equal local free energies.
More generally, though, as seen from Eq. (3), the minimal
work required of a computation is:

ÈW Ímin © �F (16)
= � ÈF (Mt)

xt Í + ÈW ÍLandauer
min , (17)

which is achieved in the limit of zero dissipation. Here,
we recalled that for metastable distributions the nonequi-
librium free energy decomposes as:

F = ÈF (Mt)
xt Í ≠ H(Mt) ,

where F
(m)
x © ≠kBT ln

!q
sœm e≠—Ex(s)" is the local-

equilibrium free energy associated with the memory
m [5, 25]. Even for logically-irreversible computations,
the minimal work required by this generalized Landauer
bound is reversible, since it corresponds to a stored change
in nonequilibrium free energy. Thus, no work needs to
be dissipated. We could have ÈWdissÍ = 0 in the case of
unrestricted control.

Appealing to Eq. (3) again, we see that the minimum
total work under time-symmetric driving must be:7
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General Thermodynamic Setup

Main results can be derived in either classical or quantum setting
(will stick with classical limit here)

System is prepared with an initial distribution µ0 over
microstates
Each bath is initially in local equilibrium
Nonequilibrium driving x0:τ controls Hamiltonian of joint
system–baths megasystem

T (1) T (2)

µ
(2)
2

µ
(2)
1

µ
(1)
2

µ
(1)
1 sys

µt
Hsys
xt

H int
xt
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General Thermodynamic Setup

Entropy Flow: Φenv =
∑

b∈B

Q(b)

T (b)
− 1

T (b)

∑

k

µ
(b)
k ∆N

(b)
k ,

Surprisal of System State: Ssys = −kB lnµt(st)

Entropy Production:
Σ = Φenv + ∆Ssys

2nd Law

〈Σ〉 ≥ 0 =⇒
Landauer’s bound

〈Φenv〉 ≥ −∆ 〈Ssys〉
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Tighter than Landauer’s bound

Thermodynamic Implications of Memory Transitions

the Detailed Fluctuation Theorem

Prx0:τ

(
S0:τ = s0:τ ,Φenv = φ|S0 = s0

)

Pr R(x0:τ )

(
S̃0:τ = R(s0:τ ), Φ̃env = −φ|S̃0 = s†τ

) = eφ/kB

(Jarzynski, JStatPhys, 2000)

s0:τ = s0sτ/N . . . sτ

non-Markovianity is non-problematic

→ Σ = kB ln
µ0(s0) Prx0:τ

(
S0:τ = s0:τ ,Φenv = φ|S0 = s0

)

µτ (sτ ) Pr R(x0:τ )

(
S̃0:τ = R(s0:τ ), Φ̃env = −φ|S̃0 = s†τ

)

= kB ln
ρ(S0:τ = s0:τ )

ρR(S0:τ = s0:τ )
+ kB ln

P(Φenv = φ|S0:τ = s0:τ )

R(Φenv = φ|S0:τ = s0:τ )
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Tighter than Landauer’s bound

Thermodynamic Implications of Memory Transitions

the Detailed Fluctuation Theorem

Prx0:τ

(
S0:τ = s0:τ ,Φenv = φ|S0 = s0

)

Pr R(x0:τ )

(
S̃0:τ = R(s0:τ )︸ ︷︷ ︸

s†τ ...s
†
0

, Φ̃env = −φ|S̃0 = s†τ
) = eφ/kB

(Jarzynski, JStatPhys, 2000)

E.g.,
s = (~q, ~℘) → s† = (~q,−~℘)

→ Σ = kB ln
µ0(s0) Prx0:τ

(
S0:τ = s0:τ ,Φenv = φ|S0 = s0

)

µτ (sτ ) Pr R(x0:τ )

(
S̃0:τ = R(s0:τ ), Φ̃env = −φ|S̃0 = s†τ

)

= kB ln
ρ(S0:τ = s0:τ )

ρR(S0:τ = s0:τ )
+ kB ln

P(Φenv = φ|S0:τ = s0:τ )

R(Φenv = φ|S0:τ = s0:τ )
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Tighter than Landauer’s bound

Thermodynamic Implications of Memory Transitions

the Detailed Fluctuation Theorem

Prx0:τ

(
S0:τ = s0:τ ,Φenv = φ|S0 = s0

)

Pr R(x0:τ )

(
S̃0:τ = R(s0:τ ), Φ̃env = −φ|S̃0 = s†τ

) = eφ/kB

(Jarzynski, JStatPhys, 2000)

→ Σ = kB ln
µ0(s0) Prx0:τ

(
S0:τ = s0:τ ,Φenv = φ|S0 = s0

)

µτ (sτ ) Pr R(x0:τ )

(
S̃0:τ = R(s0:τ ), Φ̃env = −φ|S̃0 = s†τ

)

= kB ln
ρ(S0:τ = s0:τ )
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+ kB ln
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Tighter than Landauer’s bound

a new and useful decomposition for entropy production

Σ = kB ln
ρ(S0:τ = s0:τ )

ρR(S0:τ = s0:τ )
+ kB ln

P(Φenv = φ|S0:τ = s0:τ )

R(Φenv = φ|S0:τ = s0:τ )

where

ρ(S0:τ = s0:τ ) ≡ Pr
x0:τ

(
S0:τ = s0:τ |S0 ∼ µ0

)

ρR(S0:τ = s0:τ ) ≡ Pr
R(x0:τ )

(
S̃0:τ = R(s0:τ )|S̃0 ∼ µ†τ

)

µ†τ (s) = µτ (s†)

P(Φenv = φ|S0:τ = s0:τ ) ≡ Pr
x0:τ

(Φenv = φ|S0:τ = s0:τ )

R(Φenv = φ|S0:τ = s0:τ ) ≡ Pr
R(x0:τ )

(
Φ̃env = −φ|S0:τ = R(s0:τ )

)
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Tighter than Landauer’s bound

a new and useful decomposition for entropy production

Σ = kB ln
ρ(S0:τ = s0:τ )

ρR(S0:τ = s0:τ )
+ kB ln

P(Φenv = φ|S0:τ = s0:τ )

R(Φenv = φ|S0:τ = s0:τ )

1
kB
〈Σ〉 = DKL

[
ρ(S0:τ )

∥∥∥ρR(S0:τ )
]

+ DKL

[
P(Φenv|S0:τ )

∥∥∥R(Φenv|S0:τ )
]

≥ DKL

[
ρ(S0:τ )

∥∥∥ρR(S0:τ )
]

≥ DKL

[
ρ(M0,Mτ )

∥∥∥ρR(M0,Mτ )
]
.

Coarse grain over both
time and state space.

Microstate trajectories
7→ Memory-state

bookends

8

L µ S R µ SM = {L,R}

⇡
(L)
x0

Ex0

⇡x0

s0
0

0 ·

xtilt
t

xbarrier
t

xt = (xtilt
t , xbarrier

t )

Ext

·/2

s0:·

M0 = R

M· = L

0 ·/2 ·

! "† =
! "† =

Positional Storage

! "

! "† =
! "† =

Spin Storage
where
equilibrium free energy associated with the memory

the minimal work required by this generalized Landauer
bound is reversible, since it corresponds to a stored change
in nonequilibrium free energy. Thus, no work needs to

FIG. 1. Caricature of metastable information processing. (a)
Features of a bistable memory element, showing both global
and local equilibrium. (b) Time-symmetric control (top panel)
can implement reliable information processing. In this ex-
ample, implementing erasure to L. The bottom panel shows
representative behavior via 1000 microstate trajectories in
gray which sketches a portrait of µt, with a particular mi-
crostate trajectory s0:· highlighted in thick red. (c) Common
memory elements are either time-reversal invariant (where
m† = m) or flip under time-reversal (such that m† ”= m
although m† œM.).

This demonstrates how restricting to time-symmetric con-
trol leads to unavoidable dissipation that depends explic-
itly on a computation’s logic.

This result adds to a short list of work bounds determined
by the computation implemented. Original on this list—
the minimal work required for a computation without
control restrictions—is simply Landauer’s bound:

ÈW ÍLandauer
min © ≠kBT�H(Mt) ,

when memory states all have equal local free energies.
More generally, though, as seen from Eq. (3), the minimal
work required of a computation is:

ÈW Ímin © �F (16)
= � ÈF (Mt)

xt Í + ÈW ÍLandauer
min , (17)

which is achieved in the limit of zero dissipation. Here,
we recalled that for metastable distributions the nonequi-
librium free energy decomposes as:

F = ÈF (Mt)
xt Í ≠ H(Mt) ,

where F
(m)
x © ≠kBT ln

!q
sœm e≠—Ex(s)" is the local-

equilibrium free energy associated with the memory
m [5, 25]. Even for logically-irreversible computations,
the minimal work required by this generalized Landauer
bound is reversible, since it corresponds to a stored change
in nonequilibrium free energy. Thus, no work needs to
be dissipated. We could have ÈWdissÍ = 0 in the case of
unrestricted control.

Appealing to Eq. (3) again, we see that the minimum
total work under time-symmetric driving must be:7
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Computation Beyond 2nd Law Error–Dissipation tradeoff Examples Workaround?

Tighter than Landauer’s bound

a new and useful decomposition for entropy production

Σ = kB ln
ρ(S0:τ = s0:τ )

ρR(S0:τ = s0:τ )
+ kB ln

P(Φenv = φ|S0:τ = s0:τ )

R(Φenv = φ|S0:τ = s0:τ )

1
kB
〈Σ〉 = DKL

[
ρ(S0:τ )

∥∥∥ρR(S0:τ )
]

+ DKL

[
P(Φenv|S0:τ )

∥∥∥R(Φenv|S0:τ )
]

≥ DKL

[
ρ(S0:τ )

∥∥∥ρR(S0:τ )
]

≥ DKL

[
ρ(M0,Mτ )

∥∥∥ρR(M0,Mτ )
]
.
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FIG. 1. Caricature of metastable information processing. (a)
Features of a bistable memory element, showing both global
and local equilibrium. (b) Time-symmetric control (top panel)
can implement reliable information processing. In this ex-
ample, implementing erasure to L. The bottom panel shows
representative behavior via 1000 microstate trajectories in
gray which sketches a portrait of µt, with a particular mi-
crostate trajectory s0:· highlighted in thick red. (c) Common
memory elements are either time-reversal invariant (where
m† = m) or flip under time-reversal (such that m† ”= m
although m† œM.).

This demonstrates how restricting to time-symmetric con-
trol leads to unavoidable dissipation that depends explic-
itly on a computation’s logic.

This result adds to a short list of work bounds determined
by the computation implemented. Original on this list—
the minimal work required for a computation without
control restrictions—is simply Landauer’s bound:

ÈW ÍLandauer
min © ≠kBT�H(Mt) ,

when memory states all have equal local free energies.
More generally, though, as seen from Eq. (3), the minimal
work required of a computation is:

ÈW Ímin © �F (16)
= � ÈF (Mt)

xt Í + ÈW ÍLandauer
min , (17)

which is achieved in the limit of zero dissipation. Here,
we recalled that for metastable distributions the nonequi-
librium free energy decomposes as:

F = ÈF (Mt)
xt Í ≠ H(Mt) ,

where F
(m)
x © ≠kBT ln

!q
sœm e≠—Ex(s)" is the local-

equilibrium free energy associated with the memory
m [5, 25]. Even for logically-irreversible computations,
the minimal work required by this generalized Landauer
bound is reversible, since it corresponds to a stored change
in nonequilibrium free energy. Thus, no work needs to
be dissipated. We could have ÈWdissÍ = 0 in the case of
unrestricted control.

Appealing to Eq. (3) again, we see that the minimum
total work under time-symmetric driving must be:7

Coarse grain over both
time and state space.

Microstate trajectories
7→ Memory-state

bookends
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Computation Beyond 2nd Law Error–Dissipation tradeoff Examples Workaround?

Tighter than Landauer’s bound

a new and useful decomposition for entropy production

Σ = kB ln
ρ(S0:τ = s0:τ )

ρR(S0:τ = s0:τ )
+ kB ln

P(Φenv = φ|S0:τ = s0:τ )

R(Φenv = φ|S0:τ = s0:τ )

1
kB
〈Σ〉 = DKL

[
ρ(S0:τ )

∥∥∥ρR(S0:τ )
]

+ DKL

[
P(Φenv|S0:τ )

∥∥∥R(Φenv|S0:τ )
]

≥ DKL

[
ρ(S0:τ )

∥∥∥ρR(S0:τ )
]

≥ DKL

[
ρ(M0,Mτ )

∥∥∥ρR(M0,Mτ )
]
.

This is importantly distinct from superficially similar previous
results from Jarzynski ‘06, Kawai ‘07, Gomez-Marin ‘08,
Parrondo ‘09, Roldan ‘10, etc. (Previous results assumed either
initial equilibrium—which wipes out memory—or NESS.)

Dependence on µ0 and µ†τ is crucial to address thermodynamics
of general memory transformations.

Coarse grain over both
time and state space.

Microstate trajectories
7→ Memory-state

bookends

8

L µ S R µ SM = {L,R}

⇡
(L)
x0

Ex0

⇡x0

s0
0

0 ·

xtilt
t

xbarrier
t

xt = (xtilt
t , xbarrier

t )

Ext

·/2

s0:·

M0 = R

M· = L

0 ·/2 ·

! "† =
! "† =

Positional Storage

! "

! "† =
! "† =

Spin Storage
where
equilibrium free energy associated with the memory

the minimal work required by this generalized Landauer
bound is reversible, since it corresponds to a stored change
in nonequilibrium free energy. Thus, no work needs to

FIG. 1. Caricature of metastable information processing. (a)
Features of a bistable memory element, showing both global
and local equilibrium. (b) Time-symmetric control (top panel)
can implement reliable information processing. In this ex-
ample, implementing erasure to L. The bottom panel shows
representative behavior via 1000 microstate trajectories in
gray which sketches a portrait of µt, with a particular mi-
crostate trajectory s0:· highlighted in thick red. (c) Common
memory elements are either time-reversal invariant (where
m† = m) or flip under time-reversal (such that m† ”= m
although m† œM.).

This demonstrates how restricting to time-symmetric con-
trol leads to unavoidable dissipation that depends explic-
itly on a computation’s logic.

This result adds to a short list of work bounds determined
by the computation implemented. Original on this list—
the minimal work required for a computation without
control restrictions—is simply Landauer’s bound:

ÈW ÍLandauer
min © ≠kBT�H(Mt) ,

when memory states all have equal local free energies.
More generally, though, as seen from Eq. (3), the minimal
work required of a computation is:

ÈW Ímin © �F (16)
= � ÈF (Mt)

xt Í + ÈW ÍLandauer
min , (17)

which is achieved in the limit of zero dissipation. Here,
we recalled that for metastable distributions the nonequi-
librium free energy decomposes as:

F = ÈF (Mt)
xt Í ≠ H(Mt) ,

where F
(m)
x © ≠kBT ln

!q
sœm e≠—Ex(s)" is the local-

equilibrium free energy associated with the memory
m [5, 25]. Even for logically-irreversible computations,
the minimal work required by this generalized Landauer
bound is reversible, since it corresponds to a stored change
in nonequilibrium free energy. Thus, no work needs to
be dissipated. We could have ÈWdissÍ = 0 in the case of
unrestricted control.

Appealing to Eq. (3) again, we see that the minimum
total work under time-symmetric driving must be:7
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Computation Beyond 2nd Law Error–Dissipation tradeoff Examples Workaround?

Tighter than Landauer’s bound

a new and useful decomposition for entropy production

Σ = kB ln
ρ(S0:τ = s0:τ )

ρR(S0:τ = s0:τ )
+ kB ln

P(Φenv = φ|S0:τ = s0:τ )

R(Φenv = φ|S0:τ = s0:τ )

1
kB
〈Σ〉 = DKL

[
ρ(S0:τ )

∥∥∥ρR(S0:τ )
]

+ DKL

[
P(Φenv|S0:τ )

∥∥∥R(Φenv|S0:τ )
]

≥ DKL

[
ρ(S0:τ )

∥∥∥ρR(S0:τ )
]

≥ DKL

[
ρ(M0,Mτ )

∥∥∥ρR(M0,Mτ )
]
.

Coarse grain over both
time and state space.

Microstate trajectories
7→ Memory-state

bookends
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where
equilibrium free energy associated with the memory

the minimal work required by this generalized Landauer
bound is reversible, since it corresponds to a stored change
in nonequilibrium free energy. Thus, no work needs to

FIG. 1. Caricature of metastable information processing. (a)
Features of a bistable memory element, showing both global
and local equilibrium. (b) Time-symmetric control (top panel)
can implement reliable information processing. In this ex-
ample, implementing erasure to L. The bottom panel shows
representative behavior via 1000 microstate trajectories in
gray which sketches a portrait of µt, with a particular mi-
crostate trajectory s0:· highlighted in thick red. (c) Common
memory elements are either time-reversal invariant (where
m† = m) or flip under time-reversal (such that m† ”= m
although m† œM.).

This demonstrates how restricting to time-symmetric con-
trol leads to unavoidable dissipation that depends explic-
itly on a computation’s logic.

This result adds to a short list of work bounds determined
by the computation implemented. Original on this list—
the minimal work required for a computation without
control restrictions—is simply Landauer’s bound:

ÈW ÍLandauer
min © ≠kBT�H(Mt) ,

when memory states all have equal local free energies.
More generally, though, as seen from Eq. (3), the minimal
work required of a computation is:

ÈW Ímin © �F (16)
= � ÈF (Mt)

xt Í + ÈW ÍLandauer
min , (17)

which is achieved in the limit of zero dissipation. Here,
we recalled that for metastable distributions the nonequi-
librium free energy decomposes as:

F = ÈF (Mt)
xt Í ≠ H(Mt) ,

where F
(m)
x © ≠kBT ln

!q
sœm e≠—Ex(s)" is the local-

equilibrium free energy associated with the memory
m [5, 25]. Even for logically-irreversible computations,
the minimal work required by this generalized Landauer
bound is reversible, since it corresponds to a stored change
in nonequilibrium free energy. Thus, no work needs to
be dissipated. We could have ÈWdissÍ = 0 in the case of
unrestricted control.

Appealing to Eq. (3) again, we see that the minimum
total work under time-symmetric driving must be:7
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Computation Beyond 2nd Law Error–Dissipation tradeoff Examples Workaround?

Tighter than Landauer’s bound

Requirement for dissipationless computing

Physics, meet computation:

1
kB
〈Σ〉 ≥ DKL

[
ρ(M0,Mτ )︸ ︷︷ ︸

µ0(m) Pr
(
µ

[m]
0

x0:τ−−→m′
)

∥∥∥ ρR(M0,Mτ )︸ ︷︷ ︸
µτ (m′) Pr

(
µ

†[m′†]
τ

R(x0:τ )−−−−→m†
)

]

Zero dissipation requires density reversibility:

Pr
(
µ†[m

′†]
τ

R(x0:τ )−−−−→m†
)

︸ ︷︷ ︸
physics

=
µ0(m) p(m→ m′)

µτ (m′)︸ ︷︷ ︸
computation

.

PM Riechers, AB Boyd, GW Wimsatt, JP Crutchfield, “Balancing Error and Dissipation in Highly-Reliable Computing”,
arXiv:1909.06650
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Tighter than Landauer’s bound

Requirement for dissipationless computing
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1
kB
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physics

=
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µτ (m′)︸ ︷︷ ︸
computation

.

Time-reversal symmetry of memory elements matters for thermodynamics!
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Time-symmetric control

Often, practical constraints require time-symmetric control.

E.g., Biological transformations at very low Reynolds numbers!

∼ 3 GHz clock rate

This time-symmetric signal drives all logical transformations in a computer
(program, input memory, working memory, etc. are all part of memory system)
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Time-symmetric control

Time-symmetric control of metastable memories

Entropy production required for
time-symmetric control of metastable memories:

1
kB
〈Σ〉 ≥ DKL

[
µ0(m) Pr

(
µ
[m]
0

x0:τ−−→m′
) ∥∥∥µτ (m′) Pr

(
µ
†[m′†]
τ

R(x0:τ )−−−−→m†
)]

(with probability elements representing their distributions)

where {p(m→ m′)}m,m′ are the actual transition probabilities
between memory states of the computer!
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Time-symmetric control

Time-symmetric control of metastable memories

Entropy production required for
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R(x0:τ )=x0:τ

of metastable memories︸ ︷︷ ︸
µ

[m]
0 =π
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τ =π
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xτ
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where {p(m→ m′)}m,m′ are the actual transition probabilities
between memory states of the computer!
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Time-symmetric control

Time-symmetric control of metastable memories

Entropy production required for
time-symmetric control︸ ︷︷ ︸
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of metastable memories︸ ︷︷ ︸
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x0:τ−−→ m†
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where {p(m→ m′)}m,m′ are the actual transition probabilities
between memory states of the computer!
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Time-symmetric control

Time-symmetric control of metastable memories

Entropy production required for
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Time-symmetric control

Time-symmetric control of metastable memories

Entropy production required for
time-symmetric control︸ ︷︷ ︸

R(x0:τ )=x0:τ

of metastable memories︸ ︷︷ ︸
µ

[m]
0 =π
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τ =π
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xτ

:

1
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〈Σ〉 ≥ DKL

[
µ0(m)p(m→ m′)

∥∥∥µτ (m′)p(m′† → m†)
]

= ∆H(Mt) +
∑

m,m′∈M
µ0(m)p(m→ m′) ln

p(m→ m′)
p(m′† → m†)

where {p(m→ m′)}m,m′ are the actual transition probabilities
between memory states of the computer!
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Nearly-Deterministic Computing

Nearly-deterministic computations

Allow a maximal error rate of ε in the implementation of an
intended deterministic computation C : M→M for any
possible memory input m ∈M. For any such reliable
computation:

p(m→ m′)

{
≥ 1− ε if m′ = C(m)

≤ ε if m′ 6= C(m)
.

1
kB
〈Σ〉 ≥ ∆H(Mt) +

∑

m,m′∈M
µ0(m)p(m→ m′) ln

p(m→ m′)
p(m′† → m†)
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Nearly-Deterministic Computing

The four cases

p(m→ m′) =

{
1− εm ≥ 1− ε if m′ = C(m)

εm→m′ ≤ εm ≤ ε if m′ 6= C(m)
Let d(m,m′) ≡ p(m→ m′) ln p(m→m′)

p(m′†→m†)

1 C(m) = m′; C(m′†) = m†:

−ε ≤ d(1)(m,m′) ≤ ε+ 1
2ε

2 +O(ε3) .

2 C(m) = m′; C(m′†) 6= m†:

ln(ε−1) . d(2)(m,m′) ≤ ln(ε−1
m′†→m†) .

3 C(m) 6= m′; C(m′†) = m†:

εm→m′ ln εm→m′ < d(3)(m,m′) < 0 .

4 C(m) 6= m′; C(m′†) 6= m†:

−ε/e ≤ d(4)(m,m′) = εm→m′ ln

(
εm→m′

εm′†→m†

)
.
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Nearly-Deterministic Computing

Main result

1
kB
〈Σ(t-sym)〉+O(ε ln ε) > ∆H(Mt) + ln(1/ε)

∑

m 6=C(C(m)†)†

µ0(m)

PM Riechers, AB Boyd, GW Wimsatt, JP Crutchfield, “Balancing Error and Dissipation in Highly-Reliable Computing”,
arXiv:1909.06650

For nonreciprocated transitions:
dissipation must diverge as ε→ 0 !
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Nearly-Deterministic Computing

Main result (assuming a single thermal bath: Wdiss = W −∆Ft)

β 〈W (t-sym)
diss 〉+O(ε ln ε) > ∆H(Mt) + ln(1/ε)

∑

m6=C(C(m)†)†

µ0(m)

PM Riechers, AB Boyd, GW Wimsatt, JP Crutchfield, “Balancing Error and Dissipation in Highly-Reliable Computing”,
arXiv:1909.06650

Alternatively
(if memory states have equal local-equilibrium free energy):

〈W (t-sym)
min 〉+O(kBTε ln ε) = kBT ln(1/ε)

∑

m6=C(C(m)†)†

µ0(m)

For nonreciprocated transitions:
significant work is necessary to ensure reliability
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Nearly-Deterministic Computing

Reciprocity 6= logical reversibility

(a)

m m

(b)

m m

m0 m0

(c)

m m

m0 m0

(d)

m m

m0 m0

m00 m00

2

Reciprocated Non-reciprocated

Minimal Work 〈W t-sym
min 〉 ≈ kBT ln(1/ε)

∑

m6=C(C(m)†)†

µ0(m)

(assuming m† = m)
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Nearly-Deterministic Computing
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m0 m0

(d)

m m

m0 m0
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Reciprocated Non-reciprocated

Minimal Work 〈W t-sym
min 〉 ≈ kBT ln(1/ε)

∑

m 6=C(C(m))

µ0(m)

(assuming m† = m)
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Erasure

Erasure, by any means

Exact analysis:

β 〈W t-sym〉 ≥
(
µ0(R)− 〈εm〉

)
ln

1− εR
εL

(a)

m m

(b)

m m

m0 m0

(c)

m m

m0 m0

(d)

m m

m0 m0

m00 m00

M0 =R M⌧ =R

M0 =L M⌧ =L

1 � ✏R

1 � ✏L

✏R

✏L

M⌧ =R

M⌧ =L

M0 =L

Pr
�
⇡

[L]
x⌧

R(x0:⌧ )�����! L
�

Pr
�
⇡

[L]
x⌧

R(x0:⌧ )�����! R
�

M0 =R M⌧ =R

M0 =L M⌧ =L

49/50

49/50

1/50

1/50

2

Low-ε analysis:

∑

m6=Cerase(Cerase(m))

µ0(m) = µ0(R)

=⇒ 〈W t-sym
min 〉 ≈ µ0(R) ln(1/ε) kBT
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Erasure

Erasure via Arrhenius rate dynamics
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Erasure

Erasure via underdamped Langevin dynamics8

L µ S R µ SM = {L,R}

⇡
(L)
x0

Ex0

⇡x0

s0
0

0 ·

xtilt
t

xbarrier
t

xt = (xtilt
t , xbarrier

t )

Ext

·/2

s0:·

M0 = R

M· = L

0 ·/2 ·

! "† =
! "† =

Positional Storage

! "

! "† =
! "† =

Spin Storage
where
equilibrium free energy associated with the memory

the minimal work required by this generalized Landauer
bound is reversible, since it corresponds to a stored change
in nonequilibrium free energy. Thus, no work needs to

FIG. 1. Caricature of metastable information processing. (a)
Features of a bistable memory element, showing both global
and local equilibrium. (b) Time-symmetric control (top panel)
can implement reliable information processing. In this ex-
ample, implementing erasure to L. The bottom panel shows
representative behavior via 1000 microstate trajectories in
gray which sketches a portrait of µt, with a particular mi-
crostate trajectory s0:· highlighted in thick red. (c) Common
memory elements are either time-reversal invariant (where
m† = m) or flip under time-reversal (such that m† ”= m
although m† œM.).

This demonstrates how restricting to time-symmetric con-
trol leads to unavoidable dissipation that depends explic-
itly on a computation’s logic.

This result adds to a short list of work bounds determined
by the computation implemented. Original on this list—
the minimal work required for a computation without
control restrictions—is simply Landauer’s bound:

ÈW ÍLandauer
min © ≠kBT�H(Mt) ,

when memory states all have equal local free energies.
More generally, though, as seen from Eq. (3), the minimal
work required of a computation is:

ÈW Ímin © �F (16)
= � ÈF (Mt)

xt Í + ÈW ÍLandauer
min , (17)

which is achieved in the limit of zero dissipation. Here,
we recalled that for metastable distributions the nonequi-
librium free energy decomposes as:

F = ÈF (Mt)
xt Í ≠ H(Mt) ,

where F
(m)
x © ≠kBT ln

!q
sœm e≠—Ex(s)" is the local-

equilibrium free energy associated with the memory
m [5, 25]. Even for logically-irreversible computations,
the minimal work required by this generalized Landauer
bound is reversible, since it corresponds to a stored change
in nonequilibrium free energy. Thus, no work needs to
be dissipated. We could have ÈWdissÍ = 0 in the case of
unrestricted control.

Appealing to Eq. (3) again, we see that the minimum
total work under time-symmetric driving must be:7

10−5 10−4 10−3 10−2 10−1 100
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2

4
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12 β〈W 〉t-sym
ref :

β〈W 〉approx
min :

β〈W 〉Landauer
min :

β〈W 〉shift:
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Universal Computing

NAND gate
PICS 5
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NAND(M(in1)
0 , M(in2)

0 )

Mt = (M(in1)
t ,M(in2)

t ,M(out)
t )

The NAND computation CNAND is given by the mappings:

000 7→ 001 001 7→ 001

010 7→ 011 011 7→ 011

100 7→ 101 101 7→ 101

111 7→ 110 110 7→ 110

∑

m6=CNAND(CNAND(m))

µ0(m) = µ0(m000) + µ0(m010) + µ0(m100) + µ0(m111)

=⇒ 〈W t-sym
min 〉 ≈ kBT

(
µ0(m000)+µ0(m010)+µ0(m100)+µ0(m111)

)
ln(1/ε)

vs. 〈WLandauer
min 〉 = −kBT ∆H(Mt) ≈kBT H

(
M(out)

0

∣∣M(in1)
0 ,M(in2)

0

)
.
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Universal Computing

Is time-symmetric control relevant?

∼ 3 GHz clock rate

This time-symmetric signal drives all logical transformations in a computer
(program, input memory, working memory, etc. are all part of memory system)

Extreme reliability → ∼ 30kBT dissipation per logic
transformation

& 40 times the Landauer bound
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Biological Systems

Consequence for reliable biological functionality.

ATP → ADP + Pi yields ∼ 30 kJ / mol ≈ 12 - 25 kBT per ATP

Biological systems in NESS

Biological system transitioning between NESSs
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Avoiding the Error–Dissipation tradeoff

Use less reliable components with error correction?

Three ways to avoid the error–dissipation tradeoff

1 Engineer the time-reversal symmetries of the memory
elements for special purpose computations
(How? Alec Boyd’s talk, tomorrow!)

2 Use time-asymmetric control
(Hidden costs of time asymmetry?)

3 Intertial computing—avoid metastability
(Problematic but interesting!)
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Avoiding the Error–Dissipation tradeoff

Use less reliable components with error correction?
(Doesn’t help)

Three ways to avoid the error–dissipation tradeoff

1 Engineer the time-reversal symmetries of the memory
elements for special purpose computations
(How? Alec Boyd’s talk, tomorrow!)

2 Use time-asymmetric control
(Hidden costs of time asymmetry?)

3 Intertial computing—avoid metastability
(Problematic but interesting!)
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Avoiding the Error–Dissipation tradeoff

Three ways to avoid the error–dissipation tradeoff

1 Engineer the time-reversal symmetries of the memory
elements for special purpose computations
(How? Alec Boyd’s talk, tomorrow!)

2 Use time-asymmetric control
(Hidden costs of time asymmetry?)

3 Intertial computing—avoid metastability
(Problematic but interesting!)
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Thanks!

This talk is based on:

PM Riechers, AB Boyd, GW Wimsatt, and JP Crutchfield, “Balancing Error
and Dissipation in Highly-Reliable Computing”, arXiv:1909.06650

. . . and related work in progress.

Also relevant to this workshop:

Paul M. Riechers and Mile Gu, “Initial-State Dependence of Thermodynamic
Dissipation for any Quantum Process”, arXiv:2002.11425

https://arxiv.org/abs/1909.06650
https://arxiv.org/abs/1909.06650
https://arxiv.org/abs/2002.11425
https://arxiv.org/abs/2002.11425


Bifurcation-theoretic explanation

Time-symmetric control of
metastable memories can
only achieve reliable nonre-
ciprocated transitions via loss
of stability and subsequent
dissipation.

This trouble is
topologically guaranteed!



Bifurcation-theoretic explanation
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FIG. 1. Erasing a bistable spatial memory by manipulating the
potential energy landscape for a particle with underdamped
Langevin dynamics. (a) A control protocol for erasure which
smoothly guides probability density from either the left or
right initial position towards the left well by the end of the pro-
tocol. (b) 100 trajectories are overlayed to suggest the density
evolution, with one representative trajectory highlighted in red.
In both (b) and (c), the cyan paths are the potential-energy
minima, while the dotted yellow paths correspond to local
maxima. (c) Running the protocol in reverse, 100 ‘reverse-time’
trajectories indicate the similarity of the density evolution in
both forward and reverse time—which is a prerequisite for
low-dissipation computation.

Time-asymmetric control can
be used to guide the proba-
bility density reliably, while
maintaining metastability.



Transition-specific results

W t-sym
min (m→ m′) = F (m′)

x0
− F (m)

x0
+ kBT ln

p(m→ m′)
p(m′† → m†)
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