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What are the thermodynamic limits of computation?
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[ Je]

What are the thermodynamic limits of computation?

Landauer’s bound?

@ kpT'In2 of heat to compress state space in a binary reset

Essentially restates the Second Law of thermodynamics—that
entropy production is expected to be non-negative: (X) >0

—> The bound can only be achieved in the quasistatic limit,
and assumes no control restrictions
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What are the nonequilibrium thermodynamic limits of realistic computation?
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What are the nonequilibrium thermodynamic limits of realistic computation?

Nonequilibrium: Finite duration

Realistic: Control constraints

Stronger constraints on entropy production?
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What are the nonequilibrium thermodynamic limits of realistic computation?

Nonequilibrium: Finite duration

Realistic: Control constraints

We will show that
metastable memories and time-symmetric control
together imply an
error—dissipation tradeoff for any computation C
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What are the nonequilibrium thermodynamic limits of realistic computation?

Nonequilibrium: Finite duration

Realistic: Control constraints

We will show that
metastable memories and time-symmetric control
together imply an
error—dissipation tradeoff for any computation C

t-
(S )~ f(C, 1) In(1/e)
where € is the error tolerance, and T describes the time-reversal
symmetries of the memory elements
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Consider non-volatile memory.
(Add housekeeping penalty for volatile memory.)



Memory must be physically embedded; Memory only exists among alternatives

Memory

Memory must be physically embedded.
Memories partition the microstates of a physical memory system.

()

mCS, UmeMm:S

Memory is stored metastably between computations.
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omputation is the transformation of memory

Computation

Xo:r

Physical transformation implements
stochastic computation p(M | M)

” In D. Wolpert, C.

Paul M. Riechers, “Transforming Metastable Memories: the Nonequilibrium Thermodynamics of Computation
Kempes, P. Stadler, and J. Grochow, editors, The Energetics of Computing in Life and Machines. SFI Press, 2019.
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omputation is the transformation of memory

Computation

Physical transformation via ephemeral control zg.,

T () )

-0 '@

Physical transformation implements In nearly-deterministic case:
stochastic computation p(M | M) C: M — M with error tolerance e

Paul M. Riechers, “Transforming Metastable Memories: the Nonequilibrium Thermodynamics of Computation.” In D. Wolpert, C.
Kempes, P. Stadler, and J. Grochow, editors, The Energetics of Computing in Life and Machines. SFI Press, 2019.
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Computation is the transformation of memory

Metastable Memory Storage

Memories are metastable between computations if

[m]

i) i) )

Zo

[m]

Then, ps = Y, caq (M), at t = 0,7

Paul M. Riechers, “Transforming Metastable Memories: the Nonequilibrium Thermodynamics of Computation.” In D. Wolpert, C.
Kempes, P. Stadler, and J. Grochow, editors, The Energetics of Computing in Life and Machines. SFI Press, 2019.
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Computation is the transformation of memory

Example: Erasure to L
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Beyond 2" Law
[ Je]

General Thermodynamic Setup

Main results can be derived in either classical or quantum setting
(will stick with classical limit here)

@ System is prepared with an initial distribution pg over
microstates

o Each bath is initially in local equilibrium

@ Nonequilibrium driving zg., controls Hamiltonian of joint
system—baths megasystem

int
H,

Sys
Hyz
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General Thermodynamic Setup

Entropy Flow: &, Z T(b ~ 7 b) Zul(f)ANlib) ;
beB k

Surprisal of System State: Ssys = —kp In pay(s¢)

Entropy Production:
Y= (I)env + ASsys

Landauer’s bound

<2> Z O — <(I)env> Z _A <Ssys>




Beyond 2" Law
[ leJele]

Tighter than Landauer’s bound

Thermodynamic Implications of Memory Transitions

the Detailed Fluctuation Theorem

PI‘a:O T (8().7— = 30'7—7 env ¢|S() = 80) _ e¢/k‘B
Prﬂ(xo:f) (SO T H(SO T) env — _¢’S[) = SI—)

(Jarzynski, JStatPhys, 2000)

$0:r = S08r/N - - - ST

non-Markovianity is non-problematic
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Tighter than Landauer’s bound

Thermodynamic Implications of Memory Transitions

the Detailed Fluctuation Theorem

PI‘a:O T (8().7— = 80-7—, env ¢|SO = 80) _ e¢/k‘B
Prﬂ(xo:f) (SO T H(SO T) env — _¢’S[) = SI—)
TGt
87...5

(Jarzynski, JStatPhys, 2000)
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[ leJele]

Tighter than Landauer’s bound

Thermodynamic Implications of Memory Transitions

the Detailed Fluctuation Theorem

Prxo:f (80:7— = S0:7, (I)env = ¢|So = 80) _ e¢/kB
PrH(xO:T) (SO:T = H(SOZT)) q)env == _¢’80 = SI—)

(Jarzynski, JStatPhys, 2000)

“0(80) PI‘mO:T (SO:T = 307 Doy = ¢|SO = 30)
HT(ST) Prﬂ(IO:T) (SO:T = H(SO:T)7 Doy = _¢|$0 = S;r—)

—>E:kBln
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Tighter than Landauer’s bound

Thermodynamic Implications of Memory Transitions

the Detailed Fluctuation Theorem

Per:T (80:7' = S0:7, cI)enV = ¢|SO = 80) _ e¢/kB
Prﬂ(xO:v—) (8037 = H(SO:T)a q)env = _¢’80 = SI—)

(Jarzynski, JStatPhys, 2000)

H’O(SO) Prmoz,- (SOZT = S0:1» Doy = ¢|SO = 30)

— Y = ]CB In po = ~ T
HT(ST) Prﬂ(zo:.,.) (SU:T = H(SO:T)a Doy = _¢|SO = 57—)

P(‘I)env = (Z)‘SO:T - SOZT)
7—\>/(q)env = ¢’SOIT = SO:T)

p(SO:T - 30:7’)
PR(SO:T = SOIT)

=kgln + kg ln
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Tighter than Landauer’s bound

a new and useful decomposition for entropy production

P(SO:T = SOZT) + kB i P(q)env = ¢|SO:T — SOIT)

> =Fkgln
B PR(SO:T = 50:7’) 7—\)f((I)env = ¢‘SOZT = 50:7’)

where
P(SO:T = SO:T) = C}:O)r (SO:T = SO:T’SO ~ /J'O)
PR(SO:T = SOIT) = Pr (SOZT = H<30:T)|SO ~ H’j—)
‘H(IOZT)
Bi(s) = pe(s)

7:)<q)('11\ — (—)‘Sl,):/’ — ’51,):T> = Pr ((I)(‘ll\ — ()‘S(,)ZT — ’5‘():T>

Zo:r

R<(Dv11\' — (~)‘S():T — 5():7) = “(Pl' )((I)('ll\' - 7()‘8()17 — ~H(5():T>>
To:T



Tighter than Landauer’s bound

a new and useful decomposition for entropy production

P(¢env == ¢|SO:T — SO:T)
7?f(q)env = ¢‘SOZT = 50:7’)

P(SO:T = SO:T)

Y=kgln —17——~
B PR(SO:T = 50:7’)

+ kg ln

& (%) = Dkt [p(Sor)

‘pR(So;T)} + Dx1, [’P((I)env|50:‘r)

R(@on[So:r)]



Tighter than Landauer’s bound

a new and useful decomposition for entropy production

P(¢env == ¢|SO:T — SO:T)
7?f(q)env = ¢‘SOZT = 50:7’)

P(SO:T = SO:T)

Y=kgln —17——~
B PR(SO:T = 50:7’)

+ kg ln

& (%) = Dkt [p(Sor)

> Dk [P(So:r)

‘pR(So;T)} + Dx1, [’P((I)env|50:‘r)

‘PR(SO:T)}

R(@on[So:r)]




Tighter than Landauer’s bound

a new and useful decomposition for entropy production

P(¢env == ¢|SO:T — SO:T)
7?f(q)env = ¢‘SOZT = 50:7’)

> kB In P(SO:T = 50:7’)

—————~+kpln
PR(SO:T = SOZT) B

% <E> == DKL [P(SO:T) ‘R((I)env|80:7)

> Dk [P(So:r)

‘pR(So;T)} + Dx1, |:P((I)enV|SO:T)

‘PR(SO:T)}

This is importantly distinct from superficially similar previous
results from Jarzynski ‘06, Kawai ‘07, Gomez-Marin ‘08,
Parrondo ‘09, Roldan ‘10, etc. (Previous results assumed either
initial equilibrium—which wipes out memory—or NESS.)

Dependence on g and ,ui is crucial to address thermodynamics
of general memory transformations.



Tighter than Landauer’s bound

a new and useful decomposition for entropy production

P(¢env == ¢|SO:T — SO:T)
7?f(q)env = ¢‘SOZT = 50:7’)

P(SO:T = SO:T)

Y=kgln —17——~
B PR(SO:T = 50:7’)

+ kg ln

& (%) = Dkt [p(Sor)

> Dk [P(So:r)

‘pR(So;T)} + Dx1, [’P((I)env|50:‘r)

‘PR(SO:T)}

R(@on[So:r)]

> Dk, [p(MOaMT) )pR(Mo,Mf)] )
Coarse grain over both \/J IV
time and state space. B

Microstate trajectories
— Memory-state
bookends
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Tighter than Landauer’s bound

Requirement for dissipationless computing

Physics, meet computation:

% (%) > DKL[ p(Mo, M) H pft (Mo, M) }
Ho(m) Pr(l-lf([)m] IO_‘r)m,) o (m!) Pr(p,j_[ml” HA(zo.7) mT)

Zero dissipation requires density reversibility:

/
Pr(u;r_[mlf] A(xo.r) mT) _ Ho(m) p(m/—> m)
pr (M)

computation

physics

PM Riechers, AB Boyd, GW Wimsatt, JP Crutchfield, “Balancing Error and Dissipation in Highly-Reliable Computing”,
arXiv:1909.06650
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Tighter than Landauer’s bound

Requirement for dissipationless computing

Physics, meet computation:

A2 >Di|  p(Mo, M) H oMo, M) )

po(m) Pr(u([)m]%m’) uf(m/)Pr(ui[m/T] HA(zo.17) mT)

Zero dissipation requires density reversibility:

/
Pr(,uﬂml” A(zo:r) mT) _ po(m) p(m — m')

T /
pr (M)
physics X
computation
Positional Storage Spin Storage

(\/\/)T =\n/ (<T3)T _ gl)
W'=w ()=

Time-reversal symmetry of memory elements matters for thermodynamics!



Time-symmetric control

Often, practical constraints require time-symmetric control.



Time-symmetric control

Often, practical constraints require time-symmetric control.

Slding
[

o\ /XN
\ »ﬂ(\ \\Q VAL Iy
\

Leading strand

Slding damp
PCNA

Lagging strand Ugese

E.g., Biological transformations at very low Reynolds numbers!



Time-symmetric control

Leading strand

Slding damp
PCNA

Lagging strand Ugese

E.g., Biological transformations at very low Reynolds numbers!

quartz cryslal

“-... analog lo digital
“conversion

~ 3 GHz clock rate

This time-symmetric signal drives all logical transformations in a computer

(program, input memory, working memory, etc. are all part of memory system)
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Time-symmetric control

Time-symmetric control of metastable memories

Entropy production required for
time-symmetric control of metastable memories:

‘Mr(m’) Pr(uﬂmd] Alzo), mT)}

(with probability elements representing their distributions)
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Time-symmetric control

Time-symmetric control of metastable memories

Entropy production required for
time-symmetric control of metastable memories:

H(xO:T):xO:T

5 (%) = Di[o(m) Pr(f™ 205 m!

‘“T Pr( [,T]Mml‘)}



Error—Dissipation tradeoff
oce

Time-symmetric control

Time-symmetric control of metastable memories

Entropy production required for
time-symmetric control of metastable memories:

H(rO:T)::BO:T

& (%) 2 Dy po(m) Pr(p™ 25 m

’,u, Pr( fm! ]JEO—UmT)}
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Time-symmetric control

Time-symmetric control of metastable memories

Entropy production required for
time-symmetric control of metastable memories:

H(IOZT):xOIT #g ]*779[;(’;], “L’m]*ﬂg:]

é<E>ZDKL[uo( ) Pr(pg") 227

‘p, Pr( 1] 207y mT)}
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Time-symmetric control

Time-symmetric control of metastable memories

Entropy production required for
time-symmetric control of metastable memories:

H(‘TO:T):xO:T ugm]:ﬁg[”’rg]’ “Lm]:ﬂﬂ[ﬁT]

é (3) > Dk, [Mo(m) Pr(wL’;L] o, m)

‘Nf(m’) Pr(ui[m”] 2o, mT)}



Error—Dissipation tradeoff
oce

Time-symmetric control

Time-symmetric control of metastable memories

Entropy production required for
time-symmetric control of metastable memories:

H(zo.r)=z0:r uém]:ﬂ%‘] , ubm :7"3[::]

é (2) > Dy, [Ho(m) Pr(ﬁ:[g;] Zoir, m) ‘/,LT(m/) Pr(u;[m/-\'] Zoir, mT)}
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Time-symmetric control

Time-symmetric control of metastable memories

Entropy production required for
time-symmetric control of metastable memories:

H(IOZT):xOIT #g ]*779[;(’;], “L’m]*ﬂg:]

5 (%) = Dy [o(m) Pr(ml! 205 ')

‘u Pr(Tr;;[T m'] N mT)]
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Time-symmetric control

Time-symmetric control of metastable memories

Entropy production required for
time-symmetric control of metastable memories:

~~

H(xO:T):xU:T u'[om] :7":[1_‘73] s Hg'm] :ﬂLT]

A (=) > Dk [,uo(m) Pr (el 207y )

}Nr(m') Pr(wgflw Loz, mT)}
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Time-symmetric control

Time-symmetric control of metastable memories

Entropy production required for
time-symmetric control of metastable memories:

H(IOZT):xOIT I‘Lg ]77T£?T(T)L] ) “L’m]fﬂi[gﬂr}]
" it
é (3) > Dk, {uo(m) Pr(ﬂ'%] 2T m') ‘uT Pr(m%7 )

Loy m’r)}
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Time-symmetric control

Time-symmetric control of metastable memories

Entropy production required for
time-symmetric control of metastable memories:

H(IOZT):xOIT I‘Lg ]771-33]7 “L’m]fﬂi[gﬂr}]

m] zo:.r m/T
é (2) > Dk, [ug(m)Pr(ﬂ'L()] =25 m/) H”T "\Pr (71'&0 ]

Lo, mU}
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Time-symmetric control

Time-symmetric control of metastable memories

Entropy production required for
time-symmetric control of metastable memories:

H(-'EO:T):$0:T IJ'([)M] :ﬂgs’rg] ) NL—M] :WCEIZ]

75 () = Dicw [o(m)p(m — m') e (myp(m't = m)

where {p(m — m’)},, s are the actual transition probabilities
between memory states of the computer!
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Time-symmetric control

Time-symmetric control of metastable memories

Entropy production required for
time-symmetric control of metastable memories:

H(-'EO:T):$0:T IJ'([)M] :ﬂL:T(T)L] ) NL—M] :W[IT:—L]

7 (%) = Dice[o(m)p(m — m') | e (myp(m'" = mh)]

p(m — m’)

=AHM) + > po(m)p(m — m')In P = m)

m,m’eM

where {p(m — m’)},, s are the actual transition probabilities
between memory states of the computer!



Error—Dissipation tradeoff
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Nearly-Deterministic Computing

Nearly-deterministic computations

Allow a maximal error rate of € in the implementation of an
intended deterministic computation C : M — M for any

possible memory input m € M. For any such reliable
computation:

>1—¢ ifm'=C(m)
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Nearly-Deterministic Computing

Nearly-deterministic computations

Allow a maximal error rate of € in the implementation of an
intended deterministic computation C : M — M for any

possible memory input m € M. For any such reliable
computation:

>1—¢ ifm'=C(m)

p(mam/){ge if m! £ C(m)

, p(m — m')
A (S) > AH(M,) + W;M po(m)p(m — m)In el



Error—Dissipation tradeoff
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Nearly-Deterministic Computing

The four cases

I-em2l-c ifm'=C(m) Let d(m,m') = p(m — m/)In ’)(”,H””’?
Emosm < € <€ ifm/ #C(m) ’ plm/T=mt)

p(m —m') = {
@ C(m) = m/; C(m't) = m:
—e<dV(m,m) <e+ 5 +O(P) .
@ C(m) = m'; C(m't) £ mt:
(™) < d®(m,m') <In(ep ) -
Q C(m) #m'; C(m't) = mf:
Emm 10 €y < AP (m,m') <0 .

© C(m) # m'; C(m't) # mf:

—e/e < d(4>(m7 m') = €pmm In <M) .

Em't smt
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Nearly-Deterministic Computing

The four cases

l-en>1-c ifm'=C(m) Let d(m,m') = p(m — m/)In pm—m')
emosmt < €m <€ if w0 #C(m) ’ pomtom)

p(m —m') = {
@ C(m) =m'; C(m't) = mT:
—e<dWY(m,m) < e+ 1+ 08 .

Q C(m) =m'; C(m't) # mf:

In(e™!) <d®@(m,m’) < In(e 7, 1)

Q C(m) #m'; C(m't) = mt:
Emsm! N €y < d(S)(m, m') <0.

© Clm) # m'; Cm'") # m':

—¢/e < dD(m,m') = ey In (M) .

Emt smt
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Nearly-Deterministic Computing

& (™) LO(elne) > AH(M,) + In(1/e) > po(m)
m#£C(C(m)t)f

PM Riechers, AB Boyd, GW Wimsatt, JP Crutchfield, “Balancing Error and Dissipation in Highly-Reliable Computing
arXiv:1909.06650

For nonreciprocated transitions:
dissipation must diverge as € — 0!
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Nearly-Deterministic Computing

Main result (assuming a single thermal bath: Wyss = W — AF)

WES™) LO(clne) > AHMy) + In(L/e) > po(m)
m#AC(C(m)T)T

B

PM Riechers, AB Boyd, GW Wimsatt, JP Crutchfield, “Balancing Error and Dissipation in Highly-Reliable Computing

arXiv:1909.06650

Alternatively
(if memory states have equal local-equilibrium free energy):

(W™ +OlksTelne) = keT In(L/e) > po(m)
m#C(C(m)t)t

For nonreciprocated transitions:
significant work is necessary to ensure reliability



Error—Dissipation tradeoff

Nearly-Deterministic Computing

Reciprocity # logical reversibility

Minimal Work (W™ ~ kgT In(1/e) Z po(m)
mAC(COm) )T



Reciprocated Non-reciprocated

Minimal Work (W5¥™) ~ kgT In(1/e) Z po(m)
m#C(C(m))

(assuming m! = m)
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Erasure

Erasure, by any means

Exact analysis:

1—er

BWEY™Y > (up(R) — (em)) In o

Low-¢ analysis:

Y. ho(m) = po(R)

m;éCerase (Cerase (m))

— (WEY™) x po(R) In(1/€) kgT

min




Erasure

Erasure via Arrhenius rate dynamics

barrier height

tilt

BW)
4 PO
B{W)Landauer’s bound: +
BW)bound: 0
al - .
B{W )approx bound:
2f %0~
L. YL“
£
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e BY bbb
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“eee,
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Erasure

Erasure via underdamped Langevin dynamics

124 BWE™
o BB
10.{ Aowgptee
B{W)shit:
8_
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Universal Computing

NAND gate

lout)

M({;m: gy
. o) Cxaxp
5(in2) .
E 0 ey

e M) = pqlne)

(i)

mii10

M, = (Mﬁinl), M£1n2)’ Mgout))

The NAND computation Cyanp is given by the mappings:

000 — 001 001 — 001
010 — 011 011 — 011
100 — 101 101 — 101
111 — 110 110 — 110



Examples
[ le]

Universal Computing

NAND gate

M= (Mﬁi“‘)7 Miing)‘ Mf(out))

The NAND computation Cxanp is given by the mappings:

000 +— 001 001 — 001
010 — 011 011 — 011
100 +— 101 101 + 101
111+ 110 110 — 110

Z po(m) = po(mooo) + to(moto) + po(mioo) + po(1mi11)

m#CNAND (CNAND (1))

= (Weid™) ~ kgT (po(mooo) + to(1mo10) + po(m100) + pro(ma11)) In(1/e)
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Universal Computing

NAND gate

M= (Mﬁi“‘)7 Miing)‘ Mf(out))

The NAND computation Cxanp is given by the mappings:

000 +— 001 001 — 001
010 — 011 011 — 011
100 +— 101 101 + 101
111+ 110 110 — 110

Z po(m) = po(mooo) + to(moto) + po(mioo) + po(1mi11)

m#CNAND (CNAND (1))
= (Wel™) ~ kT (10 (mooo) + po(mo10) + g0 (1m100) + po(mi11)) In(1/e€)

vs. <WI%1§L[1;1dauer> = —kgT AH(M,) szTH(M(()out)|M(()im)7M({)im)) .
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Universal Computing

Is time-symmetric control relevant?

quarlz crystal

... analog lo digital
“conversion

~ 3 GHz clock rate

This time-symmetric signal drives all logical transformations in a computer
(program, input memory, working memory, etc. are all part of memory system)

Extreme reliability — ~ 30kgT dissipation per logic
transformation

2 40 times the Landauer bound



Biological Systems

»i““\"\;fw\‘w" ALY
)

Leading strand

Consequence for reliable biological functionality.

ATP — ADP + P; yields ~ 30 kJ / mol ~ 12 - 25 kgT per ATP

o Biological systems in NESS

o Biological system transitioning between NESSs



Workaround?
e0

Avoiding the Error-Dissipation tradeoff

Use less reliable components with error correction?



Workaround?
e0

Avoiding the Error-Dissipation tradeoff

Use.] liak] ] on?
(Doesn’t help)



Workaround?
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Avoiding the Error-Dissipation tradeoff

Three ways to avoid the error—dissipation tradeoff

@ Engineer the time-reversal symmetries of the memory
elements for special purpose computations
(How? Alec Boyd’s talk, tomorrow!)

@ Use time-asymmetric control
(Hidden costs of time asymmetry?)

@ Intertial computing—avoid metastability
(Problematic but interesting!)



Workaround?
oe

Thanks!

This talk is based on:

PM Riechers, AB Boyd, GW Wimsatt, and JP Crutchfield, “Balancing Error
and Dissipation in Highly-Reliable Computing”, arXiv:1909.06650

...and related work in progress.

Also relevant to this workshop:

Paul M. Riechers and Mile Gu, “Initial-State Dependence of Thermodynamic
Dissipation for any Quantum Process”, arXiv:2002.11425


https://arxiv.org/abs/1909.06650
https://arxiv.org/abs/1909.06650
https://arxiv.org/abs/2002.11425
https://arxiv.org/abs/2002.11425

Bifurcation-theoretic explanation

T |
\/\// \\/ \/

\\/ / \f\//f

1=l

-a

Time-symmetric control of
metastable  memories can
only achieve reliable nonre-
ciprocated transitions via loss
of stability and subsequent
dissipation.

This trouble is
topologically guaranteed!



Bifurcation-theoretic explanation

UV Y

Time-asymmetric control can
be used to guide the proba-
bility density reliably, while
maintaining metastability.



Transition-specific results

/
t-sym N _ ) (m) p(m — m')
Wmin (m —m ) - FIO Fxo + kBT In p(m’T RN mT)
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