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• From classical th’dynamics to stochastic th’dynamics

[K. Hayashi, ... H. Noji, PRL 104, 218103 (2010)]

19th century steam engine 21st century nano-engine: F1ATP-ase
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• Temporal precision in a finite temperature environment

at 300 K, a precision of 1 sec/day requires at least 6× 10−11J/day
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• Cost of running a simple clock: ARW

[AC Barato and US, Phys. Rev. Lett. 114, 158101, 2015 ]

ATP ADP P

– output n(t) with 〈n〉 = Jt = (k+ − k−)t

– variance 〈(n(t)− 〈n〉)2〉 = 2Dt = (k+ + k−)t

– uncertainty ǫ2 ≡ var/output2 = 2D/J2t

– th’dyn cost C = σt = (k+ − k−) ln(k+/k−)t with σ ≡ rate of entropy production

– with affinity A = kBT ln(k+/k−) = µATP − µADP − µP

– Cǫ2 = 2σD/J2 = A coth[A/2kBT ] ≥ 2kBT independent of run time t
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• Thermodynamic uncertainty relation holds for general multicyclic processes

[AC Barato and US, Phys. Rev. Lett. 114, 158101, 2015; proof by Gingrich et al, PRL 2016]

... ...

– C ≥ 2kBT/ǫ
2 for any th’dyn consistent process at finite T

– a precision of 1% costs at least 20.000 kBT

– inevitable, universal cost of temporal precision (within stationary Markov processes)

– for any current: σ ≥ j2/Dj
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• Thermodynamic inference: Efficiency of a molecular motor
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[Visscher et al, Nature, 1999]

– experimental data on

∗ velocity v

∗ diffusion constant D

∗ randomness parameter r ≡ 2D/vℓ
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• Thermodynamic inference: Universal bound on the efficiency of molecular machines

[P. Pietzonka, AC Barato, U.S., J Stat Mech, 124004, 2016; U.S., Physica A 504, 176, 2018]

– efficiency

η ≡
P out

P in
=

fv

unknown
=

fv

fv + σ
≤

1

1+ vkBT/(Df)

– entropy production rate σ = P in − P out = ′′chem energy′′ − fv ≥ v2/D
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– independent of the specific chemo-mechanical cycles and of ∆µ
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• Controversy about Carnot efficiency with finite power? since Benenti et al, PRL 2011

Th

Tc

−Qh

Qc

−W

common wisdom: ηc ≡ 1− Tc/Th

requires quasistatic conditions ⇒ power P → 0

• Universal bound on power of steady state heat engines from unc’relation

[P. Pietzonka and U.S, PRL 120, 190602, 2018]

– uncertainty relation for work current (=power)

σ > j2w/Dw

– universal bound on power

jw = P ≤
(ηC − η)Dw

η Tc

– singular limit towards ηc with ”finite” power requires diverging power fluctuations

– trade-off between power, efficiency and constancy [cf Holubec JSM 2014, & Ryabov 2017]

8



• Generalization to time-dependent driving [T Koyuk and U.S., arXiv 2005.02312 ]

– network with rates kij(λ) that depend on a driving protocol λ = λ(t)

– protocol λ(t) = λ(vt) depends on an experimentally controlable speed parameter v

– system is driven for a total (observation) time t = T

– mean current J(T , v)

[J(T , v) +∆J(T , v)]
2/DJ(T , v) ≤ σ(T , v) with ∆ ≡ T ∂T − v∂v
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• Illustration: Driven trapped particle

[J(T , v) +∆J(T , v)]
2/DJ(T , v) ≤ σ(T , v) with ∆ ≡ T ∂T − v∂v

– finite-time velocity J(T , v) = [x(T )− x(0)]/T [solid]

– finite-time applied power J(T , v) = P (T , v) [dashed]
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– infer ≃ 80% of ent’prod from short-time displacements (not knowing stiffness)
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• Generalization to state observables

– Example: driven two-state system k12(vt)
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– observable a(T , v) ≡ δn(T )2 at final time [blue]

– observable A(T , v) ≡ τ2/T total time spent in state 2 [green]

[∆X(T , v)]2/DX(T , v) ≤ σ(T , v) for X(T , v) ∈ {a(T , v), A(T , v)} with ∆ ≡ T ∂T − v∂v

– current J(T , v) = [n12(T , v)− n21(T , v)]/T [red]
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• Conclusions

– Thermodynamic uncertainty relation

∗ can be (tightly) generalized to time-dependent driving

∗ provides a lower bound on entropy production

∗ provides a model-free upper bound on the efficiency of molecular motors

∗ helps to settle a long-standing controversy concerning reaching Carnot at finite power

– still open: proof for underdamped Langevin dynamics (in the T → ∞-limit)

• Reviews:

– U.S., Annu. Rev. Cond. Mat. Phys. 10 171 (2019)

– JM Horowitz and TR Gingrich, Nature Physics 16 15 (2020)
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