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Brownian motion as a paradigm
of classical statistical mechanics :
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Brownian particle = system of interest
3 degrees of freedom

fluid = thermal environment
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degrees of freedom

effective dynamics : is = - 8 II + E CH
T T

friction noise

→ thermaligah.cn



What if we replace the many - dimensional
thermal environment by low - dimensional
chaos ?
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Slow
, heavy piston + light . fast , chaotic particle .

~ mini heat bath

can we write down effective eggs . of motor
for the piston ? Do they lead to

equilibration between the piston
& the particle ?

C. J - Phys . Rev
. Let . 71 , 2937 (1995)

- - - building on previous work by
OH
;
Wilkinson

; Berry & Robbins
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Intuition : the fast particle exerts a rapidly
fluctuating force Fct) on the piston .
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Flt) = ICH t SF (t)

c- → O : ignore SHH ( adiabatic averaging )

→ f¥=-fY f spring )
~ Born - Oppenheimer approx .



RIn more detail .
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I ← fast particle

DCE ; R) = fdz OfE - hcz ; R))
Hamiltonian

= phase space volume enclosed
by energy shell E

= ergodic adiabatic invariant
-

(Herty , 1910 )

=
2TME . A (R )

As R changes quasi
- statically , the particle 's

energy
E evolves so that re e . A

remains constant .

→Ueff(R)=f



Setup .

(E
,
F ) ← slow system
z ← fast chaotic system

Hamiltonian :

H CR
,
F
,
z ) = II t h (z ; R )

h = Hamiltonian for fast system G)

parameterized by position
of slow system CE )

Assume : for fixed E , the dynamics generated
by htt ; E) are chadic f ergodic :

^ a z - space

" in

y
2-HI = trajectory evolving

under h Cz
;
TT )

NE ; E) = enclosed volume



Setup . HCE
,
F
,
z ) = PMI th Cz ; R )

chadic
, ergodic
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2-CH = trajectory

Hamiltonian dynamics in full phase space
f- ( z

,
I
,
B
,
t) = time - deep . density

¥+hE¥e_d¥.f¥+{f,h}=#
Liouville eqn

.

Strategy :

• solve pertunbatively in e

• project out fast variables (z )

[ . assume a given total energy E)



off + Em . off - 8¥ . 8¥ + {f. his = o

p (
TT
,
F
,
t ) = fdz f (z , I , B , t)

0¥ : ¥ = - II .dz#-i%ffI . offs = Io p

U
eff
(E) =

"

Born - Oppenheimer
"

potential

[ ouo¥=¥eh= - FLEET

To leading order , the slow system
evolves under Hamiltonian dynamics ,
in a potential energy landscape
created by the fast system .

Et -- Ia . II . - Fett



It + he . 8¥ - 8¥ . 9¥ + {f , h} -- o

O : ¥ = Iop + e ¥) + I op?opT4iip)
}
v

{date
= HI (Fitt) Fitt 'D = Lij . 8ft ' - t )

t

dat = - Iff - e KFI + re Ect)
T t

friction ( KsYM II ) white noise

& magnetism (Kanti )

recall : I = - 87T + E ft)
,
Brownian particle

. . . and the resemblance doesn't

end there !



¥ = Iop + e Ffp) +I oisiopjliip)
fric .

+ mag .
noise

Kii = #¥⇐ Lij) ,

E = diff (E ; R)
T-

= E - PYZM

~ fluctuation - dissipation relation

¥ -

- Iop + I ftp.ELiifpj#D
Under these dynamics ,

ftp.tt-scE/E-PIy,R#
equilibration !
-

.
. . but non - Boltzmann
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ki ; = 2¥#⇐ Lij) ,

E = died CE ; E)

plat, t) Esc ECE - Fa , E)
⑧

assume N ⇒ I d.of .
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Summary
-

y
- fast chaos

H CR
,
F
,
z ) = Int t h Cz ; R )
[slow

, heavy system

Effective eggs . of motion :

date -- II , dat = - FEI - e k Ea + re Ect)

¥ = E
op

+ e ¥) + I oisiopjliip)

Kii = #¥⇐ Lij)
The combination of friction f noise

bring about equilibration between
the slow f fast degrees . (non -Boltzmann !)

• extend to quantum systems ?
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